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On a New n-norm and some ldentical n-Norms On
a Hilbert Space

M .P.Singh and S.Romen Meitei

Abstract: In this paper, we discuss the concept of n-normed spaces and introduce a new n-norm. Further we show the equality of five formulae of n-
norms on a Hilbert space and the equality of six formulae of n-norms on a separable Hilbert space. Also we prove the equality of two formulae of n-

norms on the dual space of an n-normed space.
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1 Introduction

LETX be a real vector space with dimX= n, where n is a positive

integer. A real valued function :X" > Ris called an n-norm

on X if the following conditions hold:
(1) [|%,,--, %, | = Oiff x,_x, are linearly dependent

(2) |x,,.... x,| is invariant under permutations of x,,...,x,
(3) [l Xgoeen Xo || =ex|[[ %01 %, || fOr @any a e R
(B) [|%) + X0 X ey Xy | S [ X eves X |+ [Xreoe X, || TOr @ X, %, %, € X
The pair (X,].,...,.]) is called an n-normed space. An n-norm is
always non-negative. The combination of conditions (3) and (4) above
gives the non-negativity of an n-norm. If X is an n-normed space with
dual X'.the following formula ( as formulated by Gdhler [2])
i) o fulxn)
llxy, ..., %0116 = sup : :
SIS f (k) - S (o

defines an n-norm on X.

If X is equipped with an inner product (.,.), we can define the standard

n-normon X by [lxy, .., x,[I¥ = \/det[{x;, x;)].

Note that the value of |lxg,..,x,|l° represents the volume of n-
dimensional parallelepiped spanned by x,..,x,.Let X be a Hilbert
space with dual X".ThenGahler’s formula on X becomes

lxg, o, 2,018 = min  det[{x;, ;)]
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Also the function

(xll yl) (xllyn)
%, o, X, 1P = sup : :
ijX'”yl""'y"”SSl (xnl }’1) (xn' yn)
defines an n-norm on a Hilbert space X.Then ||, ...,. ]I and ., ..., . ||”

are identical on a Hilbert space X[ 6 ].

If X is a separable Hilbert space and {e;, e,, ... } is a complete
orthonormal set in X, we can define an n-norm on Xby

1
2
1
[lxg, e Xl = ;z "'Z|d9t[aiik]|2]
j'".

J1
Where a;; = (x;, ¢;)[5],[6].

Then ||, .., 1., ., . IS l., sl @nd ., .., ||P are identical on a
separable Hilbert space [6].

The theory of 2-normed spaces and n-normed spaces were initially
developed by Gaéhler[1],[2],[3],[4]in the 1960's.Recent works and
related works can be found in [5],[6],[8],[11].Our interest here is to
study alternative formulae of n-norms especially in a Hilbert space. The
alternative formulae are identical with the four forms of n-norms
mentioned above. In the last part we study the equality of two n-norms
defined on the dual space of an n-normed space.

2 A New n-Norm

Proposition 2 .1:LetX be a real vector space with dim X > n equipped
with an inner product (.,.). Then the function ||xy, ..., x,||R =

( (xliyl) (xliyn) >
Abs : :
(xn'yl) (xn'yn)

= |det[(x;, y))]]

defines an n-norm on X for fixed linearly independent n elements
Y1, Y25 s Yo € X

Proof: (i) x,x,, ..., x, are linearly dependent

the rows of the matrix [(xi'yj)] are linearly dependent for
fixed linearly independent elements y,,v,, ...,y, € X
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o det[(xi,yj)] =0
o |det[(xi,yj)]| =0
& lxg, -, 2,1 =0

(i) The value of |det[(x; ¥;)]| remains unaltered under the interchange
of rows ( or columns)

= |lxy, ..., x,|[Rremains invariant under permutations of x,, x,, ..., x,.

(i) Forany a € R,

(axy,y1) - {axy,y,)

llaxy, ..., x,lI* = AbS<

)

(xn'y1) (xn'.yn)

( alxy,yr) - alxg,y,) )
= Abs : :
(xn' yl) (xn' yn)

(xll.yl) (xll.yn)

)
)

= Abs <a . :
(xn'yl) (xnlyn)

= |a|Abs<

= lalllxy, ., xpll®

(xll.yl) (xll.yn)

(xn' yl) (xn:.yn)

(iv) For arbitrary elements x1, xy, x5, ..., x, €X,

(ep + x> 0 (g + Xy, W)
(xn;yl) (xn'.yn)
(x£1y1)‘!' (xllyl) (xilyn)’!'(xllyn)
(xn;y1) (xn;yn)
(x{'yl) (XL yn) (xllyl) (xllyn)
=| : N ) :
(xn'yl) (xn'yn) (xn'yl) (xnlyn)
Qb vy o (g + Xy, )
= Abs ( : : )
(xn'yl) (xnlyn)
( (L) o L) )
< Abs : :
(xn'yl) (xn'yn)
( (p 1) o o) )
+ Abs : :
(xnl yl) (xnl yn)

llxg + xg, o, 20 1R < llxg, o, 2 l1F + llxg, e, 2 IR
This completes the proof.

3 Various Alternative Formulae Of n-Norms And Their
Equality:

Proposition 3.1: The function

(eny1) o (X))
||x1u---uxn”E = Su : :
ijX’”yl""’yZHS=1 (xnn }’1) (xnl yn)
defines an n-norm on a Hilbert space X.

Proof: (i) x,x,, ... x,, are linearly dependent

the rows of the matrix [(xl'yj)] are linearly dependent for all
Y1, Y2r s Y € X With [lyy, vz, o, llS = 1

= det[(xi,yj)] =0 |lxg, .., x,lIF = 0.

(i) By the properties of determinant, ||xy, ..., x,||¥ is invariant under
permutations of x,, x,, ..., Xp.

(iii) For anye € R,

{axy,yp) - {axy, y,)
laxy, .., x, |l = sup : :
Vi yalS=1] (e ) e (g, )

(e, y1) o {x,)
= |af sup : B :
ViEX Iy ynllS=1

(xn'y1) (xn'yn)
= lalllxy, .., x,ll%

(iv) For arbitrary elements xg, x{, x5, ..., X, € X,

Qep +x, 0100 0 g+ xq, )
(xn:.y1) (xn:.yn)
(X{, yl) + (x1, yl) (xilyn) + (xllyn)
(xn;y1) (xn'.yn)
(x{lyl) (x{'yn) (x1:y1) (xllyn)
=| o+ ;
(xn'yl) (xnl yn) (xn'yl) (xnlyn)

Takingsupremums on both sides, we have
g + 2, o 20115 < Mty o, 15+ Hlotg, e, 2115,
This completes the proof.

Proposition 3.2: ||.,...,.1I° and |, ...,. |I¥ are identical on a Hilbert
space X.

Proof: Obviously,

(e, ) (o)
lxg, oo, 2, /I = sup : :
VjEX My ynliS=1 (xnn }’1) (xnl yn)
(e, y1) o {xn )
< sup : :
VjEX My yuliSs1 (xnn }’1) (xnl yn)
= llxg, e, X |I1°

Conversely, define

Yj

— = Yiforj = _n S
i = m———=forj = 1,2,...,nwhere a = ey .
= s = g 101 Vv, oyl

Z

Then,
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(epy1) o )| [(xpaz) o (xg,az,)
(xn.}’1) (xnnyn) (xnn aZl) (xnn aZn)
(x1nz1) (xllzn)
=a" : :
(Xn 21) o (X, Zn)
(x1nz1) (xllzn)
< Sup a” : :
ZjEX’”Zl""’Z"”S=1 (xnn Zl) (xnn Zn)
N sup (X1(Z1) e (X, Zp)
=a : :
z €X,zy, .,z IS =1
/ b (X z1) - (tn2y)

sup

(x1,21) = (X,2,)
< . . .
=z €X |z, ., za5 =1

() e ()

= |lxy, ..., x,[IFfor all y; € X with [ly;, ..., y, [l < 1.

~., ...,. lIPand|l., ...,. |I¥ are identical.

Proposition 3.3:]|.,...,.11¢ and ||.,...,.||¥ are identical on a Hilbert
space X.

Proof:|., ...,. ]I and |I.,...,.||” are identical on X[6].But ||., ...,.||° and

II.,...,. |IF are identical [above proposition].This completes the proof.
Corollary 3.1:(l., ..., IIl., ..., . II5,II., ., . II” @and I, ...,. || are identical.

Proposition 3.4: On a separable Hilbert spaceX, ., ...,.||f and
l.,...,.]l, are identical.

Proof: Let {e,, e,, ... } be a complete orthonormal set in X.Then,

[, ..., %, ]|, may be derived directly from standard n-norm

[Ixg, .., x,lI5[6]=1l., ...,.ll, and [I., ...,. ]IS are identical. But, ||., ...,.[I°
and |., ...,.||¥ are identical. So,]l., ...,.|I¥ and [, ...,. ||, are identical.

Corollary 3.2: On a separable Hilbert
spaceX, |, ..., 1P, ll, e, 5,0y s Ml ll, o, 16 @nd L o, |IE are

identical.

Proposition 3.5: Let X be a normed space with dual X’ . Then the
function

r sup AG) o falr)
Ibew,oxall” = e x| = 1 AG) - fiGo

sup
= / det|f; (x;
fi e xt il = 1ol o)
defines an n-norm on X.
Proof: (i) Obviously, x;, ..., x, are linearly dependent

rows of the matrix [f;(x;)] are linearly dependent.
det[f;(x)] = 0 vf; € X'with ||f;]| = 1
supyjex =1 det[fj (x] = 0

[[xg, o, I =0V x4, .0, X, € XL

L

(i) By the properties of determinants, ||xy, ..., x,,||" remains invariant
under permutations ofx, ..., x,, .

(i) V& €R,

fi (0.5951) fn(ax1)

llaxy, .., x, " = Sup : . :
fiexlrli=1 fl(xn) fn(xn)
JACH . fn((x1))

= Su a : :
HEXIAIRf G fuln)
JACT fn((x1))

=lal Sup : :
BEWIEf G )

= lalllxy, ., xpll”

(iv) By the linearity off;'s and the properties of

filco+2) e ful Geo +20)
determinants, ; :

fG) fa(xn)
A& fulG)] |AGD o £f(GD)
=] : : +| :

fG) o RGD) | AGR) o LG

Taking supremums of both sides over f; € X with [|f;]| = 1, we have
lxxo + x4, s Xnll™ < Mg, voes 217 + Ny, o, 20 I

This completes the proof.

Proposition 3.6: Let Xbe a normed space with dual X'. Then,
Il.,...,. ]I and ||., ...,.||" are identical on X.

Proof: Obviously,|lxy, ..., x,II” < llxy, ..., x, 1€
Conversely, define g; = ﬁ forj=12,..,n
j

Clearly g; € X"

JACT fn((x1))
f00) e fulen)

Now,

1fillg1 Gx1) 1llgn(Cx0)

UfillgsCen) o NfullgnCen)
ACH I N (6H))

=AML Afll :
gl(xn) gn(xn)

sup 91(x) gn((.xﬂ)

<gexgl=1 [ 5]l < 1v]

gl(xn) gn(xn)
= |lxy, .o, % l” V5 € X'with ||| < 1.

= g, e, 20 1€ < g, o, 2|7

[Ixg, ..., x,lI%@nd]lxy, ..., x,,||” are identical. This completes the proof.

NOTE: if X is a Hilbert space with dual X', then |[x, ..., x,||" becomes

sup
L . .
[[%1, oo, 2, I" = Y €X, ||y]|| _ 1det[(xl.y,)]
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It follows from:

By Riesz-representation theorem, for each bounded linear functional

f; € X' 3 y; € X such that f;(x;) = (x;,y;) and ||f]|| = ||y]||

sup (x1,y3m) (xy.}’n)

Then,llxy, ..., x,lI" = v exyll=1

(xn; y1) . (xn; Vo)

Proposition 3.7 : On a Hilbert space X, ||., ...,.||" and the standard n —
norm |[., ...,.||* are identical.

Proof :||xq, ..., x,|I" = Supy ex |ly;l=1 det[(xi,yj)]

By generalized Cauchy — Schwarz inequality [10], we have

det[(xi,yj)] < Jdet[(xi,xj)]\/det[(yi,yj)]

sup
= yexlyl=1 delee)

sup
< 3y e x.llyl = etk el )]

sup
T S S
= et %all” <y = 110 a2

But llys, ... yull* = [det[(yi, y)] < V0, y002¥2) o Vs )
[By Hadamard determinant theorem] [9]

= lyallllyz .. 1y

= s, e Yl < My 2l - Ayl
sup s

> <1
yy €%, [yl = ol

Sy Xall” S Hlxg, e, 21
Conversely, we assume X4, X, ..., X, are linearly independent

vectors.Let x4, x,, ..., x, be vectors obtained from ¥, X,, ..., X, through
Gram-Schmidthorthogonalisation process. Then,

e ezl oo locll = Vg (12l 117 ool 12

= /det[(xi, xj)]

[+ x4, x5, ..., x,are orthogonal.]
= llxy, xg, - x|l
Ify; = ﬁ forj=1.2,..,n we have
j

X1

( ) e ()
e Ty T
Gy G Y Tl Tl
(xn;}’1)"'(xn;}’n) x i X i
ST U P
gyl e 2

A

= Nzl o Ml

= det[(x, )] = sl llxall = llxg, ooy 20110
sup .
2 yex|yl=1 det[(x, y))] = llxy, o, 2l

oy, s X ll” = Mg, v, 20 I8
Hence, ||.,...,.|I" and ||., ...,. || are identical.
This completes the proof.

Corollary 3.3, .., I I, o, - 7y o P&, o, - 1N L o, IS
are identical on a Hilbert space X.

Proof:|l., .., . 1€, I, e, NS, Il s L NIP&ILL, .o, . | are identical [by cor.
3.1 ].But|l.,..,.lI"&ll., ...,. || are identical [by proposition (3.7)].
This completes the proof.

Corollary 3.4: On a separable Hilbert space X, the six formulae of n-
Norms Viz |, e, %, 1y ooy 5 My s 75 Wy sl My e, IP&L e I
are identical.

Proof: The proof follows from:

II., ..., . [ &Il., ...,. || are identical on a separable Hilbert space and
[cor.3.3].

4 N-Norms On Dual Space And Their Equality:
Let (X[|., ...,. ) be an n-normed space. The function

I, 1"+ (D™ > Rgiven by

ACOR Y
fi (;cn) fn(;cn)

sup
[—
”f1. nfn” - X; € X, lell ...,xnll < 1

defines an n-norm on X' [6] .

Proposition 4.1: Let (X, ||, ..., ||) be an n-normed space. The function
I,y Il 'y2 (X)™ - R given by

£ G = fu )

sup
ro_
Wi f W = % € X, |lxg, o xpll = 1

defines an n-norm on X' .

Proof:(i) It is easy to show that f;, ..., f;, are linearly dependent
iffll fi, . fu 1’1 = 0.

(i) By the properties of determinant and definition of supremum,
Il fi, -, fn Il 'y is invariant under permutations of f;, ..., f,,

(iii) Furthermore, for any a € R,
afl.(xl) - afn.(xl)
f1Gen) = fulea)

sup
X €X,xg, e xyll =1

sup
X €X Xy, e xyll =1

£ Gen) = ()

= |al
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Alafy, ool 's=lalll fi, ... fu | 'y forany a €R 4.
(iv) Also, 5.
o+ @) o falx)| | fole) faled| il =+ fa () 6.
o+ FC0) el oG el e £
Taking supremums of both sides over x;'s € X with ||xy, ..., x|l = 1, we !
have 8.
W fo+ fioeo o U S0 for s S 1+ fis o f 5 9
This completes the proof.
Proposition 4.2: Let (X, ]|, ...,.|]) be an n-normed space. Then 10.
[l., .., I"and II., ...,. Il '; are identical on X’ where X' is the dual X. 11

Proof: Obviously,

£ G = fu )

£ Gt = fu )

sup
L
W W0= € Xty xll = 1

< sup
T EX g e, xpll 1

= el 20 o o 1 < Ml Sl

Conversely, define y; = % Wwherea = Y/ llxy, .., x|l and 0 <a< 1.

Then
filx,) £ |filay) filay,)
filx,) L)) filay,) filay,)
) £.n)
< sup 4"l :
S T ACS I ACS
fin) L)
< sup : :
P Ble ) )
:Hfl,...,fn ;Vx,.eXwith Hxl,...,x" <1
=S fil Vi £l
s |l ..., llzand]l., ...,. ||'are identical on X'. This completes the proof.
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